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Abstract— This paper describes estimation of the rotor 
winding current based on a mathematical model of a self-excited 
wound-field synchronous motor where the space harmonics 
power is utilized for the field magnetization instead of the 
permanent magnets.  The operation principle of the proposed 
motor is explicated by a voltage equation on the synchronous 
rotating reference frame.  Furthermore, the rotor winding 
current is compared between the FEM based simulation and the 
mathematical calculation.  Consequently, it has been confirmed 
that both operation characteristics in the steady state agree very 
well and indicate similar tendency.   

Keywords—synchronous motor; self-excitation; wound field; 
space harmonicis; mathematical model; finite element method.   

I. INTRODUCTION 
Reduction of the fuel consumption and the global warming 

gas emission is strongly demanded from the view point of 
environmental conservation, and the development of such 
technologies is urgent matter particularly in the automotive 
sector [1].  Applying electric components to the power train 
brings a greater impact than minor improvement of 
conventional internal combustion engines because it is rather 
difficult to improve the efficiency in the low-load range with 
the engines [2][3].  An electric machine is one of the key 
components in hybrid vehicles (HEVs) and electric vehicles 
(EVs) from the viewpoint of the dynamic drivability and the 
fuel consumption performance.  In general, an IPM (Interior 
Permanent Magnet) motor is applied to the HEV owing to its 
highly improved efficiency and specific power capability per 
physical size [4].  Permanent magnets used for the IPM motor 
are extremely expensive because Nd-Fe-B magnets are 
commonly employed to realize the high power density and to 
improve the fuel efficiency in the low-load operation for a 
street use.  Moreover, the traction motors are usually installed 
on the chassis where special countermeasures must be taken for 
environmental issues.  In order to mitigate demagnetization 
caused by the temperature rise of the permanent magnets for 

example, costly rare-earth metals such as Dy and Tb must be 
added to the Nd-Fe-B magnets.   

The authors already proposed a rare-earth-free motor 
utilizing the space harmonics for the field magnetization power 
[5][6][7].  The purpose of the motor is to obtain a position of 
the post IPM synchronous motor by achieving the comparable 
torque density with the rare-earth-free configuration.  The 
proposed motor is a kind of the self-excited wound-field 
synchronous motors, but is completely different from the 
recently proposed separate-excited wound-field machines, i.e., 
the wound-field flux switching motor and the brushless doubly 
salient motor [8][9].  The proposed motor can eliminate an 
external DC-coil on the primary side, which detrimentally 
reduces the armature coil space factor and requires an 
additional auxiliary chopper circuit for the excitation.  In 
addition, it is not necessary to feed a large field current in the 
DC field winding for the rotor magnetization.  Recently, the 
self-excited wound-field synchronous motor that utilizes the 
space harmonics for the field magnetization has been studied in 
the industries for the automotive traction application 
[10][11][12].  In the past works [10][11][[12], however, 
qualitative discussion on the basis of the precise mathematical 
model has not been accomplished to explain the operation 
principle of the motor because the operation characteristics 
have been examined only by the FEM (Finite Element Method) 
based electromagnetic field analysis and simple fundamental 
experiments.  Moreover, the placement of the induction coils 
proposed in [10][11][12] seems not to be very efficient to 
retrieve the space harmonics power for the field magnetization 
because the single rotor winding has to play both roles of an 
induction coil and an electromagnet coil at the same time.  On 
the other hand, the authors proposed the novel magnetic design 
that separates the induction coil from the electromagnet coil to 
improve the power retrieval efficiency [5].  From the authors’ 
past investigation, the third space harmonic flux flows mainly 
through the rotor salient pole and the slot.  This is the reason 
why the induction pole is placed on the q-axis, which is the 
most efficient way to retrieve the third space harmonic power.   
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(a) Cross section diagram.         (b) Detailed winding 

configuration.   
 

Fig. 1. Cross section diagram of proposed motor.   
 

 
 

Fig. 2 Mechanical configuration of proposed motor.   
 

 
 

Fig. 3. Rotor winding connection of proposed motor.   
 

TABLE I SPECIFICATION OF MOTOR.   
 

Number of poles 12 

Number of slots 18 

Stator outer diameter 200 mm 

Rotor diameter 138.6 mm 

Axial length of core 54 mm 

Air gap length 0.7 mm 

Maximum current 273 Apk (45s) 

Stator winding resistance 32.1 mΩ / phase 

Number of armature coil-turn 48 

Number of I-pole coil-turn 13 

Number of E-pole coil-turn 21  

Winding connection 6 parallel 

I-pole winding resistance 37.0 mΩ / pole 

E-pole winding resistance 28.2 mΩ / pole 

Thickness of iron core steel plate 0.35 mm 

In this paper, the mathematical discussion of the proposed 
wound-field synchronous motor self-excited by the space 
harmonics is made.  It is mathematically explained that the 

third space harmonics power can be mainly retrieved for the 
field magnetization in the discussion.  The resultantly derived 
mathematical model allows investigating the most proper 
approach for the motor control.  In other words, it makes 
possible to establish the optimum control algorithm to draw the 
potential abilities of the proposed motor.  Moreover, the high-
frequency time harmonics injection technique, which is 
proposed in [7][11] can be optimized while observing the rotor 
current condition in the low-speed range.  The mathematical 
model of the proposed motor is discussed, followed by the 
simple explanation of the physical configuration of the motor.  
The mechanism of the field magnetization using the third space 
harmonics and the torque generation are investigated through 
the analysis.  The investigated rotor current characteristics are 
compared with those obtained by the FEM based computer 
simulation, and good agreement has been confirmed between 
them.   

II. THEORETICAL ANALYSIS OF PROPOSED MOTOR 
Figure 1 shows a cross section of the proposed motor where 

the wound-field coils are added to the rotor salient poles, and 
the induction coils are placed in spaces between the rotor 
salient poles, i.e., the rotor slots.  Each of an induction pole (I-
pole) is a special pole exclusively used for the magnetizing 
power generation from the third space harmonics.  In addition, 
it is magnetically independent of the main magnetic flux path 
to avoid the salient pole ratio degradation.  I-pole is held from 
the axial direction using a support ring as shown in Fig. 2.  On 
the other hand, each excitation pole (E-pole) is a salient pole on 
the rotor for the field excitation, which uses the retrieved third 
space harmonics power.  All of the I-poles and the E-poles are 
connected in series via a diode rectifying circuit as shown in 
Fig. 3, where p indicates a pole number.  Specifications of the 
motor shown in Fig. 1 are listed in TABLE I.   

A. Mathematical Model on dq-Reference Frame 
As shown in Fig. 4, the motor with 2-to-3-slot-combination 

has a d-axis inductance composed with a constant part and a 
periodical third space harmonics part according to the rotation, 
so the d-axis rotor self-inductance Lrd and the q-axis rotor self-
inductance Lrq can be given by  

( ) tLLtL rdardrd ωω 3cos0 += , and (1) 

( ) ⎟
⎠

⎞
⎜
⎝

⎛ −+=
6

3cos0
πωω tLLtL rqarqrq ,  (2) 

where Lrd0 and Lrq0 are the constant parts, and Lrda and Lrqa are 
the amplitudes of the periodical variations.  ω is an electrical 

 
 

Fig. 4. d-axis inductance variation depending on rotor position.   
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synchronous angular velocity.  The mathematical model of the 
proposed motor can be expressed as the following voltage 
equation:  
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where vsd, vsq, isd and isq are the armature voltages and currents, 
vrd, vrq, ird and irq are the d-axis and q-axis rotor winding 
voltages and currents, Rs and Rr are the armature winding and 
rotor winding resistances, Md and Mq are the d-axis and q-axis 
mutual inductances, p denotes a differential operator, 
respectively.   

The U-phase self-inductance Lu can be given by  

( ) θθ 2cos0 SSU LLL += ,  (4) 
where LS0 is the constant part and LS is the amplitude of the 
periodical variation of the self-inductance.  Applying a 
rotational coordinate transform to the α-axis self-inductance 
Lα and the β-axis self-inductance Lβ on the stationary 
orthogonal reference frame by using a d-axis phase θd and a q-
axis phase θq, the d-axis stator self-inductance Lsd and the q-
axis stator self-inductance Lsq can be obtained as   
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Since the dq-reference frame rotates synchronously at the 
angular frequency ω, the Lsd and Lsq is a constant part on the 
dq-reference frame so that pLsd and pLsq equal to zero.  Here, it 
is possible to rewrite ird and irq with isd and isq because irq is 
induced through the mutual inductance between the stator and 
the rotor.  It should be noted that the third space harmonics 
caused by the doubly salient configuration of the motor are 
superimposed on irq through the induction process.  As 
expressed in Eq. (3), the first term is the armature winding 
resistance drop, the second term is the transformer 
electromotive force, the third term is the induced 
electromotive force which is caused by the space harmonics, 

and the forth term is the electromotive force.  The induced 
voltage vrq-ind of the I-pole windings are caused by the flux 
linkage from the stator, which is shown in the third term in Eq. 
(3), so it can be expressed as  

( )sqqrqindrq iMNv p−=− . (6) 
By transcribing the q-axis mutual inductance Mq in the  second 
side conversion, Mq can be simply expressed as follows by 
using the number of turns of the q-axis rotor windings and the 
stator windings Nrq and NS:  

rqq
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By substituting the above expression into Eq. (6), the induced 
voltage vrq-ind of the I-pole is obtained as follows:  
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where Kd and Kq are the leakage magnetic flux coefficients.  
Figure 5 shows the third space harmonics vector and the flux 
lines of the proposed motor.  It is found that the third space 
harmonic flux flows mainly through the rotor salient pole and 
the slot.  Thus, the induced voltage vrd-ind of the E-pole 
windings is caused by the d-axis space harmonic flux.  This is 
the reason why the I-pole should be placed on the q-axis, which 
is the most efficient way to retrieve the both of the d-axis and 
the q-axis space harmonic flux.  Similarly, vrd-ind can be given 
by  

tiLK
N
N

v sdrdad
rd

S
indrd ωω 3sin3−=− .   (9) 

The induced voltage of the I-pole and E-pole windings are 
applied to the E-pole windings through the full-bridge rectifier 
as shown in Fig. 3.  Thus, the DC voltage vrd applied to the E-
pole windings is an absolute value of vrd-ind and vrq, and is 
expressed as Eq. (10), using the Fourier series:  
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Fig. 5. Third space harmonics vector and flux lines of proposed 
motor.   
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 (10) 
where a0, an and bn are the Fourier series coefficients.  
Simplifying the calculation with ignoring the time function 
terms, the DC voltage applied to the E-pole windings is given 
by the first term in Eq. (10).  Since the DC voltage applied to 
the E-pole windings is a source of the field current ird, solving 
the transient response of the rotor winding gives the field 
current as expressed by the following equation:  
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The output torque of the proposed motor is obtained by the 
vector product between the armature current and the magnetic 
flux, which is described in a part of the third term of Eq. (3):  
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where Pp is the pole-pair number.  The coefficients have values 
ranging from 0 to 1.  As expressed in the above expression, the 
output torque is composed of the two terms, i.e., the reluctance 
torque and the electromagnet torque.  Therefore, the output 
torque on the dq-reference frame in the steady-state can be 
solved by substituting Eq. (11).  Since the field current 
generating the electromagnet torque is proportional to ω as 
expressed by Eq. (11), the proposed motor cannot deliver the 
sufficient electromagnet torque in the low-speed range.   

B. Adjustment of Motor Parameter 
Because the electromagnet torque includes the leakage 

magnetic flux coefficients as shown in Eqs. (7) and (8) as well 
as the winding turn ratio between the stator and the rotor, their 
parameter values has significant impact on the torque 
generation.  In addition, the d-axis and q-axis rotor self-
inductances Lrd and Lrq are also important to organize the self-
excitation.  Figure 6 shows the d-axis and q-axis rotor magnetic 
flux waveforms in the steady state at 1000 r/min for 273 Apk 
under MTPA control simulated by the FEM based magnetic 
field analysis.  The characteristics are calculated under the 
condition of use of a sinusoidal current source.  The rotor self-
inductance is determined by fitting the dq-axis rotor magnetic 
flux waveform with adjusting the motor parameters Lrd0, Lrq0, 

Lrda, and Lrqa in Eqs. (1) and (2).  As shown in Fig. 6, settings 
Lrd0 = 24 μH, Lrda = 9 μH, Lrq0 = 3.5 μH, and Lrqa = 4.7 μH are 
the most suitable parameters to fit the mathematically 
calculated results to the magnetic flux waveforms simulated by 
the FEM.  The q-axis magnetic flux has, however, some error 
in the waveform.  The error must be caused by having ignored 
the superimposed sixth space harmonics of the I-pole windings 
as shown in Fig. 7.  Then, the d-axis and q-axis stator self-
inductances are determined by fitting the reluctance torque 
waveform with adjusting the motor parameters Lsd and Lsq.  It 
should be noted that Lsd and Lsq are approximated as constant 
parts.  In general, the fluxes of the concentrated winding 
configuration are close to the trapezoidal waveforms, which 
mainly include the fifth and the seventh space harmonics, 
however.  Separation of the reluctance torque from the 
electromagnet torque in the FEM result is performed through 
the following steps:  

1) calculation of the reluctance torque at the current phase of 
45 deg without connecting the rotor windings,  

2) determination of the current phase vs. reluctance torque 
characteristic by fitting a sin2β  trigonometric function 
whose amplitude is a torque value at 45 deg calculated in 
the previous step,  

3) calculation of the current phase vs. total torque 
characteristic with the rotor windings connected, and  

4) subtraction of the reluctance torque from the total torque 
to obtain the electromagnet torque separately.   

As a result, settings Lsd = 7.5 mH and Lsq = 3.5 mH are found 
to be the most suitable parameters under the operating 
condition in Fig. 6.   

 
 

Fig. 6. dq-axes rotor magnetic flux waveform of FEM results and 
mathematical model results.   

 

 
 

Fig. 7. Fourier series results of dq-axes rotor magnetic flux 
waveform of FEM results.   
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III. ROTOR CURRENT ESTIMATION 

A. Rotor Winding Voltage 
Figures 8 and 9 show the voltage of the I-pole windings vrq 

and the E-pole windings vrd of the simulated results by the 
FEM and the calculated results by the mathematical model in 
the steady state at 1000 r/min for 273 Apk under MTPA control.  
Because the I-pole winding is connected as indicated in Fig. 2, 
the voltage of the I-pole windings vrq is expressed as  

( )
⎟
⎠

⎞
⎜
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⎛ −−+=
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6
3sin3      

 p

πωω tLvv
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Similarly, the voltage of the E-pole windings vrd is expressed as  

( )
( )tLvv

vviLvvv

rdaindrdindrq

rqrdrdrdindrdindrqrd

ωω 3sin3      

 p

−+=

++++=

−−

−− .   (14) 

The parameters adjusted in the previous section are used in Eqs. 
(13) and (14).  As can be seen in Figs. 8 and 9, both results 
have overall similar characteristics with indicating the similar 
tendency.  Particularly, some error of the waveform can be 
observed in the I-pole winding voltage.  The error must be 
caused by having ignored the sixth space harmonics 
superposed onto the I-pole windings as shown in Fig. 6.   

B. Rotor Winding Current 
Figure 10 shows the rotor winding current of the I-pole irq 

and the E-pole ird simulated by the FEM and the mathematical 
model, respectively.  The characteristics of the mathematical 
model is calculated by Eq. (11), and the I-pole winding current 
irq is demanded by dividing Eq. (11) by a circular constant π.  It 
should be noted that all the I-poles and E-poles are connected 
in series via a diode rectifying circuit and that the armature 
winding is connected in parallel.  Both results of the average 
current in the stedy state indicate very similar values.  However, 
error is largely observed in the region where the rotor 
magnetization is formed in the transient state.  Since the dq-
axis magnetic flux becomes larger with respect to the rotor 
rotation during the time depending on the electrical rotor 
constant as shown in Fig. 11, the dq-axis rotor self-inducntace 
changes with respect to the rotor magnetization state.   

C. Torque 
Figure 12 shows the torque waveforms simulated by the 

FEM and the mathematical model, respectively.  The leakage 
magnetic flux coefficients used in the mathematical model are 
KLd = 0.5 and KLq = 0.85, respectively.  It can be confirmed that 
the average torque in the steady state shows good agreement, 
whereas the torque in the transient state does not indicate the 
similar behavior due to the mismatch of the rotor winding 
current.   

IV. PRELIMINARY EXPERIMENT 
It was examined by a preliminary test whether the third 

space harmonics link to the rotor winding and induce the 
voltage on the I-pole, which was theoretically discussed that 
the third space harmonics were caused by the double saliency 

 
 

Fig. 8. I-pole winding voltage waveform of FEM result and 
mathematical model result.   
 

 
 

Fig. 9. E-pole winding voltage waveform of FEM result and 
mathematical model result.   

 

 
 

Fig. 10. dq-axes rotor current waveform of FEM results and 
mathematical model results.   

 

 
 

Fig. 11. dq-axes magnetic flux waveform of FEM results . 
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and the 2-to-3-slot-combination,.  As shown in Fig. 13 (a), the 
4-pole 6-slot synchronous reluctance motor with additional d-
axis rotor windings was used for the test.  The sinusoidal 
voltages were applied to the armature windings with a linear 
AC power supply, and the induced voltage of the d-axis rotor 
windings was measured through a slip ring with a differential 
probe.  As shown in Fig. 13 (b), it was confirmed that the 
secondary voltage, i.e., the induced voltage of the d-axis rotor 
windings had a periodical 3ω component according to the 
rotation.   

V. CONCLUSION 
This paper has presented a mathematical model of the self-

excited wound-field synchronous motor where the space 
harmonics power is effectively utilized for the field 
magnetization instead of the permanent magnets.  It has been 
clarified through the mathematical analysis and the preliminary 
test that the third space harmonics are the major source of the 
field magnetization power.  In addition, the estimation of the 
rotor winding current based on the mathematical model have 
been conducted between the analyzed results by the FEM 
model and the calculated results by the mathematical model, 
which proves feasibility of the mathematical model.  However, 
it is still necessary to brush up the mathematical model further 
with taking the rotor self-inductance variation into account 
with respect to the rotor magnetization state.  The future work 
of the study is to develop a prototype machine and to establish 
a further precise mathematical model because estimation of the 
induced current and the field current of the rotor windings in 
the steady state is significantly important for the proposed 

motor.  It is also important to develop the motor parameter 
estimation algorithm, particularly Lsd, Lsq Lrd, Lrq and the 
leakage magnetic flux correction factor because mismatches of 
these parameters detrimentally affect the motor performance.  
Figure 14 illustrates the three-dimensional component 
exploded views of the concept prototype.  Both E-pole and I-
pole windings are connected with the printed circuit boards on 
the rotor ends as shown in Fig. 14 (b), and the diode are fixed 
on the boards by using resin mold.   
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Fig. 12. Torque waveform of FEM result and mathematical model 
result.   

 

          
 

(a) SynRM with d-axis rotor windigs.     (b) Measured voltages.   
 

Fig. 13. Preliminary experiment by using SynRM with d-axis rotor 
windings.   

               
 

(a) Rotor assembly without rotor         (b) Vertical cross section diagram 
winding connection board.   

 
Fig. 14. Mechanical configuration of Prototype machine.   
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